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ABSTRACT
CROSSING THE BRIDGE TO HIGHER MATHEMATICS:
USING A MODIFIED MOORE APPROACH TO ASSIST STUDENTS
TRANSITIONING TO HIGHER MATHEMATICS

M. PADRrRAIG M. M. MCLOUGHLIN
DEPARTMENT OF MATHEMATICS,
KuTZTOWN UNIVERSITY OF PENNSYLVANIA

The author of this paper submits that a mathematics student needs to learn to
conjecture and prove or disprove said conjecture. Ergo, the purpose of the pa-
per is to submit the thesis that learning requires doing; only through inquiry is
learning achieved, and hence this paper proposes a programme of use of a modified
Moore method in a Bridge to Higher Mathematics course to teach students how to
do, critique, or analyse proofs, counterexamples, examples, or counter-arguments.
Furthermore, the author of this paper opines that set theory should be the core
of the course with logic and predicate calculus as antecedents to the set theory,
and number theory, cardinal and ordinal theory, or beginning topology of the R as
consequents of set theory.

The author of this paper has experienced teaching such a course for approx-
imately fifteen years; mostly teaching the course at a historically black college.
The paper is organised such that in the first part of the paper justification for use
of a modified Moore approach - - both pedagogical and practical justification are
submitted. In the second part of the paper the author submits the model for the
Bridge course and focuses on what is effective for the students, what seems not
useful to the students, and why; hence, explaining what practices were refined re-
tained, modified, or deleted over the fifteen years. In the third part of the paper
explanation is presented as to why the course was designed the way it was (content),
how the course was revised or altered over the years and how it worked or did not
for the faculty and students. The final part of the paper discusses the successes and
lack thereof of how the methods and materials in the Bridge course established an
atmosphere that created for some students an easier transition to advanced math-
ematics classes, assisted in forging a long-term undergraduate research component
in the major, and encouraged some faculty to direct undergraduates in meaningful
mathematics research. Qualitative and quantitative data are included to support
what were or were not successes.

So, this paper proposes a pedagogical approach to mathematics education that
centres on exploration, discovery, conjecture, hypothesis, thesis, and synthesis such
that the experience of doing a mathematical argument, creating a mathematical
model, or synthesising ideas is reason enough for the exercise - - and the joy of
mathematics is something that needs to be instilled and encouraged in students
by having them do proofs, counterexamples, examples, and counter-arguments in a
Bridge course to prepare the student for work in advanced mathematics.



I. INTRODUCTION

Mathematics is built on a foundation which includes axiomatics, intuitionism,
formalism, logic, application, and principles. Proof is pivotal to mathematics as rea-
soning whether it be applied, computational, statistical, or theoretical mathematics.
The many branches of mathematics are not mutually exclusive. Oft times applied
projects raise questions that form the basis for theory and result in a need for
proof. Other times theory develops and later applications are formed or discovered
for the theory. Hence, mathematical education should be centred on encouraging
students to think for themselves: to conjecture, to analyze, to argue, to critique, to
prove or disprove, and to know when an argument is valid or invalid. Perhaps the
unique component of mathematics which sets it apart from other disciplines in the
academy is proof - - the demand for succinct argument from a logical foundation
for the veracity of a claim.

The author of this paper submits that in order for students to learn, students
must be active in learning. Thus, the student must learn to conjecture and prove
or disprove said conjecture. Ergo, the author of this paper submits the thesis that
learning requires doing; only through inquiry is learning achieved; and, hence this
paper proposes a philosophy such that the experience of creating a mathematical
argument is a core reason for an exercise and should be advanced above the goal of
generating a polished proof.

This paper outlines a programme of use of a modified Moore method (MMM)
in a Bridge to Higher Mathematics (BHM) course ! to teach students how to do,
critique, or analyse proofs, counterexamples, examples, or counter-arguments. Fur-
thermore, the author of this paper opines that Set Theory should be the core of the
course with logic and predicate calculus as antecedents to the set theory, and num-
ber theory, cardinal or ordinal theory, or beginning topology of R as consequents
of the set theory.

The course should be designed such that the instructor guides students through
a carefully crafted set of notes that is a naive introduction to dichotomous logic
and predicate calculus, a basic axiomatic introduction to set theory, and which then
builds introducing more and more complex ideas based on said set theory. Further,
the instructor ought constantly monitor the progress of individual students and ad-
just the notes or offer “hints,” where appropriate so as to encourage inquiry and
further study.

Use of the Moore method or a modified Moore method cannot be undertaken or
adopted as one changes shirts or ties dependent upon a whim, a mood of the day,
or social convention - - one must ’buy into’ a philosophical position that humans
have a natural inquisitiveness - - we must be active in order to learn and we must
be engaged when learning. Adoption of said philosophy is not enough - - it must
be practiced - - hence, the author submits that the method of teaching that he
suggests is a modified Moore method that he has used (to some success and pro-
ducing seemingly successful students) in teaching mathematics from the freshman

LAlso oft titled: Transition to Advanced Mathematics, Foundations of Higher Mathematics,
Principles of Higher Mathematics, Introduction to Higher Mathematics, or Introduction to Set
Theory. It is assumed that such a course is a course designed to transition the student from a
computational or mechanical understanding of mathematics to a more abstract understanding of
mathematics.



to senior level; but especially and most critically to the development of a student’s
understanding of mathematics in a BHM course.



II. BACKGROUND

In this section, we will offer background material and offer justification for use
of a modified Moore approach - - both pedagogical and practical justification are
submitted.

It has become rather accepted in mathematics education to include in the canon
a course or courses which transition students from the Calculus sequence to upper
division course work (see [6] ,[9], [10], [11], [12], [13], [14]). R. L. Moore created or
adapted a pseudo-Socratic method which bears his name (see [22], [23], [25], [37],
[65], [66], [67]). He said, “that student is taught the best who is told the least.”?
It is the foundation of his philosophy and it sums up his philosophy of education
simply, tersely, and succinctly. Moore believed that the individual teaches himself
and the teacher is merely an informed guide who must not trample on the individ-
ual’s natural curiosity and abilities.> The Moore method accentuates the individual
and focuses on competition between students. Moore, himself, was highly compet-
itive and felt that the competition among the students was a healthy motivator;
the competition among students rarely depreciated into a negative motivator; and,
most often it formed an esprit d’ corps where the students vie for primacy in the
class.*

However, the Moore method is, perhaps, best suited for graduate-level work
where there is a rather homogenous set of students who are mature. Moore’s phi-
losophy of education is too often considered a mere method of teaching and, as such,
can be taught, adopted, and practiced. The author opines that this is an error be-
cause it transcends the pedagogical and is a philosophy of education. Therefore,
adoption of the methods that Moore created and practiced would be meaningless
and could lead to harm for the students if the practitioner did not subscribe to
Moore’s philosophy and feel comfortable leaning in a Moore method context. Why-
burn notes that Moore’s beliefs “gives one the feeling that mathematics is more
than just a way to make a living; it is a way of life, an orderly fashion in which you
want to consider all things.”®

Several authors have proposed a modified Moore method for teaching mathemat-
ical sciences courses ([2], [4],[19], [24], [43], [44], for example) which could be used
in a transition course. If one agrees with the philosophical position conditional to
the modified Moore method, then it is an entirely acceptable teaching methodol-
ogy. However, most times it still requires that the individual learn without the aid
of books, collaboration, subject lectures, and demands (uncompromisingly) talent

2R. L. Moore, Challenge in the Classroom (Providence, RI: American Mathematical Society,
1966), videocassette. See, also, Miriam S. Davis, Creative Mathematics Instruction Ed.D. dis-
sertation (Auburn, Al: Auburn University, 1970), 25; Benjamin Fitzpatrick, Jr., “The Teaching
Methods of R. L. Moore.” Higher Mathematics 1 (1985): 45; and, Lucille S. Whyburn, “Student
Oriented Teaching - The Moore Method.” American Mathematical Monthly 77, 4 (1970): 354.

3 See Davis, Creative Mathematics Instruction and Paul R Halmos, How To Teach. In I Want
To Be A Mathematician (New York: Springer-Verlag, 1985) for a more detailed discussion of
Moore’s tenets.

4 Gee Davis, pages 21 and 119 and D. R. Forbes, The Texas System: R. L. Moore’s Original
Edition Ph.D. dissertation (Madison, WI: University of Wisconsin, 1971), pages 168, 169, 172,
and 188 for a detailed psychological analysis of the formation of esprit d’ corps from competition.

5 Whyburn, page 354.



from the individual.® Most instructors who subscribe to the Moore method opine
that the use of books causes the student to be a witness to mathematics, rather
than a participant in mathematics.” Since the Moore method is based on the as-
sumption that this talent is dormant or latent within the student,® the student is
expected to do all that is necessary to tap into this dormant talent. There is not an
expectation on the part of Moore’s philosophy that this dormant talent will awaken
easily or quickly. Thus, the pace of learning is set by the student or students.”

Several authors opine that a constructivist approach to teaching a mathematics
course ([27], [51], [56], and [61]) is the proper method. The constructivist accentu-
ates the community and focuses on cooperation amongst students. The construc-
tivist approach includes alternate assessment, group projects, service learning, etc.
and closely resembles pedagogically the National Council of Teachers of Mathemat-
ics [48] standards and (to some measure) Dewey’s position ([16], [17], [18]). If one
agrees with the philosophical position conditional to the constructivist method,
then it may be an entirely acceptable teaching methodology. It seems that the
constructivist method is best suited for elementary or secondary education where
students have not completely matured and where the material is less sophisticated.
The constructivist method is based on a philosophy that the individual learn with
others and that reality is constructed. In its radical form it maintains “individu-
als construct their own reality through actions and reflections of actions.”'? So,
under such a philosophy a compleat relativism antecedes such that objectivism is
relegated to oblivion.

There does not seem to be a preponderance of authors who advocate for or pre-
scribe a traditional German seminar approach to teaching mathematical sciences
courses which could be used in a BHM course. Nonetheless, there seems to be a
preponderance of books which follow such an instructional framework and many
instructors who teach via said method. If one agrees with the philosophical po-
sition conditional to traditionalism, then one agrees that knowledge is obtained
and the instructor has said knowledge, the student is interested in obtaining said
knowledge and through an agreement between and betwixt students and instructor
the instructor trains the student in the discipline. If one agrees with traditional-
ism, then it may be an entirely acceptable teaching methodology. However, most
times it requires that the individual learn with books, the instructor lectures, and
students learn from the book and the instructor.

6D. Reginald Traylor, Creative Teaching: Heritage of R. L. Moore (Houston, TX: University
of Houston Press, 1972): page 171.

7 Indeed this was the case in all the classes that the author took where a Moore adherent
was instructing. Interestingly, to this day the author can not quote well known theorem like the
‘Dedekind Cut Theorem,’ but can sit down with a paper and pencil and reading the statement of
the proof, prove it. Indeed, if memory serves the author correctly, a proof of said is contained in
his master’s thesis.

8 Davis, pages 74, 75, 79, 81, and 185. Also, Traylor, page 169.

9 See Davis, page 94; Forbes, page 156; F. Burton Jones, “The Moore Method.” American
Mathematical Monthly 84, 4 (1977): page 275; Traylor, page 131; and, R. L. Wilder, Axiomatics
and the Development of Creative Talents. In The Aziomatic Method with Special Reference to
Geometry and Physics (Amsterdam: North - Holland, 1959), page 479.

10 Steffe and Kieren, “Radical Constructivism and Mathematics Education,” Journal for Re-
search in Mathematics Education 25, no. 6 (1994): 721.



If there was a way to teach mathematics, perhaps this paper would not exist.
However, it seems commonly accepted that (1) different individuals learn in differ-
ent ways and (2) there is a basic knowledge base that is necessary for the average
student to obtain so that he has a higher likelihood to succeed in upper division
courses. It is not as commonly accepted, perhaps, but is argued that (3) proving
claims true or false is a skill that can be mastered through a programme of indi-
vidual inquiry, practice, exposition, practice, discussion, practice, and revision.'
Hence, dogmatically approaching pedagogy be it either through the prism of the
Moore method, constructivism, traditionalism, or some other philosophical position
deprives both the instructor and the student of learning opportunities. A pedagogy
that is dogmatic in its approach deprives the instructor by creating as 'one way
and only one way correct’ mentality which is constricting, pedestrian, and seem-
ingly unproductive. It deprives the student because his learning style might not be
geared toward the dogmatic approach taken by the instructor.

Much of the recent general educational research centred on point (1), thus we
shall not bother wasting paper addressing in detail this point. Much work of profes-
sional associations (in particular the Mathematical Association of America (MAA))
recent research and policy statements centred on defining point (2) and revising,
enhancing, and reviewing point (2) [4, 5, 6, 7, 8, 9, 10, 27]. Regarding point (2)
as it applies to a BHM course, the author submits that the course should teach
students how to do, critique, or analyse proofs, counterexamples, examples, or
counter-arguments. Moreover, the author of this paper opines that the majority of
the course should be focused on aspects of set theory.

As to point (3), proving claims true or false the author opines is a skill is grounded
in the philosophy of William James and the practice of George Pdlya. Just as
art schools teach composition techniques, architecture schools teach drafting, etc.
schools of mathematics teach theorem proving as a skill that is grounded in logic.
There are a finite number of techniques and students are encouraged to learn each
one so as to have a basic competency when approaching mathematical claims.

So, herein is proposed a methodology which seeks not to dogmatise teaching. It
is proposed that if (1) is true, then strict, uncompromising, and rigid adherence to
a pedagogical method should not be employed. This is because it is highly unlikely
that a class would be composed so homogeneously as to allow for one inflexible
method of teaching to be employed and the goal of any course should include max-
imisation of the likelihood of success for students in the course and in and beyond
the courses subsequent to the course in which the students are enrolled.

It is proposed that if (2) is true, then a Moore method being employed by an
instructor causes a likelihood that the pace of the course will be slow (perhaps too
slow).  Further, it is proposed that if (2) is true, then the constructivist method
being employed by an instructor might cause the pace of the course to be slow
(perhaps too slow) and cause a likelihood that a student might not understand
the material but only parts, elements, or pieces of the material. This is because
group work does not necessarily imply that all in the group equally worked on a
project, that all in a group learn each and every part of the project, and that much

HFor if it is not something that can be learnt then the need for and the justification under-
pinning a course such as a Bridge to Higher Mathematics is vacuous and makes for an absurd
curriculum. The author purposely repeats the word practice for the same reason that repetition
is a part of the learning process for many (if not most).



difficulty arises between the work in a group translating to an individual being able
to do the work without help. In some areas of academia this may be an acceptable
outcome, but in mathematics - - especially in theoretical mathematics - - it can be
lethal to a student’s mastery of material in subsequent courses if mastery of present
material is not obtained (or at least there is a maximisation of the probability that
the student mastered the material).

It is proposed that if (2) is true, then a traditional German seminar method being
employed by an instructor maximises the amount of material that can be ’covered;’
but, ’coverage’ does not necessarily imply mastery. Indeed, it can be argued that
the traditional German seminar method (recitation) creates a likelihood that the
pace of the course will be fast (perhaps too fast). Maximisation of expository ma-
terial does not imply maximisation of the probability that the student mastered
the material. In some areas of academia it may be an acceptable outcome that the
student is aware of much of the material but has not mastered the material, but
in mathematics - - especially in theoretical mathematics - - it can compromise or
retard a student’s mathematical progress.

Thus, use of a modified Moore method insofar as it employs the classic Moore
method (students doing the proofs, counter-examples, etc.) allows for pace of the
course to not be too fast; but, use of the modified Moore method with a book as
a guide or reference for fundamental points which would probably be best learnt
through discovery (but by using discovery would cause the pace to be too slow)
allows for the pace of the course to not be too slow. Expository material (espe-
cially definitions) are contained within a book or instructor notes such that they
are available to the student before material is discussed in the classroom but the
expository material is not assumed to have been accessed before discussion of said
within the classroom. Therefore, the pace of the class is largely determined by the
students’ abilities, schedules, interest, and needs; but, somewhat determined by a
traditional idea of a syllabus and basic knowledge base that is necessary for the
average student to obtain so that he has a higher likelihood to succeed in upper
division courses. The use of a modified Moore method for instruction allows for
the potential that material scheduled for the end of a course can be discussed or
studied; but, does not guarantee it will be discussed or studied.

It is proposed that if (3) is true, then a BHM course is properly included in the
mathematics canon. We shall take point (3) for granted (perhaps errantly, but we
shall assume it). Thus, we shall assume (1), (2), and (3) are true for the subsequent
discussion.



III. THE USE OF A MODIFIED MOORE METHOD IN A BRIDGE COURSE

In this part of the paper the author submits the model for the Bridge to Higher
Mathematics (BHM) course, what seems useful or not useful to the students, and
why; hence, explaining what practices were refined retained, modified, or deleted
over the fifteen years.

A basic tenet of the modified Moore method (MMM) employed by the author
is ‘if it works, then use it,” to paraphrase William James. The instructor must
enter into the classroom without much ‘baggage’ - - that is to say he should be
pragmatic, realistic, open to changes, revisions, and constantly assess whether or
not the students are learning.

The MMM employed by the author is fundamentally derived from the Moore
method: the author agrees with most of Moore’s philosophy of education but re-
laxes several aspects of the Moore method. Moore’s philosophy of education stated
that a person learns best alone - without help or interference from others. The
author’s modified Moore philosophy of education states that a person learns best
and most completely alone; but, sometimes needs a bit of help, encouragement, or
reinforcement.

The Moore method assumes the student has a natural inquisitiveness, he must
be active in learning, and as a consequent self-confidence and self-directedness is
established and builds within the individual.'?

However, the student is not always going to perform at peak efficiency given
the constraints of human nature and the diversions of modern society. Therefore,
the MMM employed by the author assumes there is a natural inquisitiveness in
all humans; but, it ebbs and flows or intermittently turns on or off much as a
distributor cap distributes a charge in an engine. Therefore, a student sometimes
needs a bit of help, encouragement, or reinforcement. The help, encouragement,
or reinforcement should not be actualised by giving solutions to a student; but, by
asking a sequence of directed questions that the instructor ’knows’ is perhaps one
path toward an argument for or against a proposition. It is best if the instructor
tries to put himself in the place of the student and imagine that he does not know
the solution 3

The Moore method demands that the student not reference any texts, articles, or
other materials pertaining to the course save the notes distributed by the instructor
and the notes the individual takes during class. Not every student is as mature and
dedicated as to be able to follow such a regulation especially in an undergraduate
setting and most especially in a BHM course. Thus, books are not banished in
the classroom of our MMM. The class has a 'required’ text that the author opines
is fine for definitions and trite examples but is less than compleat or rigourous in
its exposition or examples. The author opines that such a text is best so that it

12 See Davis, pages 17, 78, and 173; D. R. Forbes, The Texas System: R. L. Moore’s Original
Edition Ph.D. dissertation (Madison, WI: University of Wisconsin, 1971), page 181; Traylor, page
13; and, Whyburn, page 354.

13T his is easy for a person such as the author who readily forgets much and oft remembers
little.
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does not give to or impose upon the student too much.'* This philosophy of edu-
cation does not seek maximal coverage of a set amount of material, but standard
competency with some depth and some breathe of understanding of material under
consideration. This requires time, flexibility, and precise use of language.

The Moore method demands that the students not collaborate. Moore stated
this position clearly:

I don’t want any teamwork. Suppose some student goes to the board. Some
other student starts to make suggestions. Suppose some how or another a
discussion begins to start. One person suggests something, then another suggests
something else. .. after all this discussion suppose somebody finally gets a
theorem. .. who's is it? He’d [the presenter] want a theorem to be his -

he’d want a theorem, not a joint product!*®

The modified Moore method employed by the author tempers the position Moore
proposed and demands no collaboration on material before student presentations
and no collaboration on any graded assignment and requests minimal collaboration
on material after student presentations. After student presentations, if a student
does not understand a part of an argument or nuance of said argument, the stu-
dents are permitted to discuss the argument as well as devise other arguments.

The Moore method does not include subject lectures. The MMM employed by
the author includes minimal lectures before student presentations over definitions,
notation, and terminology, an occasional exemplar argument, counter-argument,
example, or counterexample (especially early in the course), as well as subsequent
discussions (facilitated, directed, or led by the instructor) after the students discuss
the work(s) presented when the instructor finds there is confusion or misunderstand-
ing about the material amongst the students. However, the MMM employed by the
author is not as ‘lecture heavy’ as a traditional class - - the instructor does not
enter the class begin lecturing and only end recitation at the end of the period.

In the BHM course where the author’s modified Moore method is employed,
everything should be defined, axiomatised, or proven based on the definitions and
axioms whether in class or referenced. In this regard the MMM employed by the
author is reminiscent of Wilder’s axiomatic methods [31, 32, 33]. Everything cannot
be defined, discussed, etc. within class; hence, the allowance for reference mate-
rial. Indeed, the MMM employed by the author avails itself of technology; thus,
additional class materials are available for students to download from an instructor
created web-site. The materials on the web-site have several purposes including
delving deeper into a subject; clarifying material in a text; correcting a text used
in the class; reaction papers to student work; alternate solution(s) by student(s)
other than the student who presented a solution to a claim in class, an alternate
solution by the instructor to a claim which was presented in class, or posing several
additional problems and question in the form of additional exercises.

14Indeed, the student is allowed to use as many books as he opines is necessary to understand
the material.
15 Moore, Challenge in the Classroom.
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Moreover, instructor created handouts on the web-site present students with ma-
terial previously discussed, claims which were made during the class (by students or
the instructor), exercises beyond the scope of exercises in the text, and conjectures
that were not presented by students in the class along with proposed arguments as
to the veracity of the claims. The students critically read the proposed arguments
and note whether or not the proposed solution is correct. Thus, the modified Moore
method employed by the author includes more reading of mathematics materials
than the Moore method, though less than a traditional or constructivist method.

A superficial understanding of many subjects is an anathema to a Moore adher-
ent; a Moore adherent craves a deep, full, and compleat (as compleat as possible)
understanding of a subject (or subjects)!® so, the pace in the author’s BHM class
is set by the instructor tempered by the instructor’s understanding of what the
students grasp. ‘Coverage’ of material is not a hallmark of the Moore method. On
the other hand, traditional methodology includes the pace of the class set by the
instructor (usually prior to the semester). ‘Coverage’ of material is a trademark
of traditional methods. Maximal treatment of material is typical in a traditional
classroom. However, the undergraduate experience is repleat with time constraints.
Thus, pace is not determined by the students but is regulated and adjusted by the
instructor. Hence, the BHM class using the MMM employed by the author at-
tempts to balance the student-set pace (Moore method or constructivism) with the
instructor-set pace (traditionalism). The author’s MMM acknowledges that not all
questions can be answered and that each time a question is answered a plethora
of new questions arise that may not be not answerable at the moment. Therefore,
the MMM employed by the author is designed to balance the question of ‘how to’
with the question of ‘why.” The author opines that a subject that is founded upon
axioms and is developed from those axioms concurrently can be studied through
answering (or at least attempting to answer) the questions ‘why’ and ‘how to.’

The author’s modified Moore method includes the concept of minimal compe-
tency, that a student needs some skills before attempting more complex material.
So, aspects of ‘coverage’ are included in the author’s BHM class; that is to say
that there is a set of objectives that the instructor attempts to meet when admin-
istering a class, that he is duty-bound to try to meet said objectives. However,
the author’s modified Moore method does not attempt to maximise ‘coverage’ of a
syllabus. A syllabus designed by an instructor who adheres to the author’s MMM
would include ‘optional’ material and would have a built-in ‘cushion’ so that the
set of objectives can be discussed (more than just mentioned), the students have a
reasonable amount of time to work with the material, and more than that set of
objectives is met each semester. The goal of education is not, under this method-
ology, ‘vertical’ knowledge (knowing one subject extremely well) nor ‘horizontal’
knowledge (knowing many subjects superfluously), but this philosophy attempts to
strike a balance between the two.

Traditional methods include regularly administered quizzes, tests, and a final.
The author’s MMM also includes said assessments. However, a part of each quiz

16 Gee Davis, page 70; Fitzpatrick, “The Teaching Methods of R. L. Moore.” Higher Math-
ematics 1 (1985): 44; Fitzpatrick, Some Aspects of the Work and Influence of R. L. Moore, A
Handbook of the History of Topology 1996), page 9; Forbes, page 194; Paul R. Halmos, How To
Teach. In I Want To Be A Mathematician (New York: Springer-Verlag, 1985), page 262; and,
Edwin E. Moise, “Activity and Motivation in Mathematics.” American Mathematical Monthly
72, 4 (1965): page 409.
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or test (for a test no less than ten percent nor more than thirty-five percent) is
assigned as ‘take home’ so that the student may autonomously compleat the ‘take
home’ portion with notes, ancillary materials, etc. *Take home’ work is more natu-
ral (reflecting the work mathematicians do after college); allows students to follow
an honour code; allows students time to work on their arguments or examples; and,
allows students to tackle more challenging problems than could be included on an
’in class’ quiz or test.

The author has found that what fundamentally drove him toward use of his
MMM was that he learnt best under the Moore method (out of all the methods
he was privy to be exposed to whilst an undergraduate) and that he could learn
under other methods but with diminished results. Two of the primary reasons for
the diminishment of results were his laziness and ability to memorise. The Moore
method or modified Moore method does not seemingly reward superficiality or non-
contextual rote memorisation.

It is the author’s understanding that constructivist or reform methods include
class discussions, use of technology, applications, modelling, and group assignments.
A BHM course directed under the author’s MMM includes class discussion and al-
lows for the discussion to flow from the students (but be directed by the instructor).
It should be expected that, on average, at least one-half of each class period be ded-
icated presentation of work, at least one-fourth of each class period be dedicated
discussion of work presented or ideas about the definitions, axioms, or arguments.
The author’s MMM class allows students to use machines'” for applications (min-
imal discussion of applications exists in the BHM course since the emphasis is on
the foundations of theoretical mathematics) and modelling (with regard to the fact
that students present their arguments before the class and there exist exemplars
for the students as well as critical reading exercises). The author’s modified Moore
method does not include any kind of group assignments nor any kind of group work.
In this regard it is much more similar to the Moore or traditional methods than
constructivism.

At Emory University, his Algebra instructor used the Moore method and his
Analysis instructor a traditional method. In the Algebra class the author was en-
raptured by the material and found himself driven to try to do every exercise, ex-
ample, proof, counter-argument, or counterexample. The author memorised proofs
in Analysis and regurgitated them back on tests (one recalled with great ease is the
proof that /2 is irrational). At Auburn University, the exact opposite was true:
his Analysis instructor used the Moore method and his Algebra instructor a tra-
ditional method. The author memorised proofs in Algebra and regurgitated them
back on tests; whilst thriving in the Analysis class. It is not a contention forwarded
by the author that traditionalism caused his lack of understanding of material but
that because it was easy for the author to memorise arguments presented by the in-
structor, cram before tests, and take ’short cuts;’ but, that the Moore method does
not reward such study habits (e.g.: it is harder to fall into the ’the long memory
& short on understanding trap’ in a class organised under the aegis of the Moore
method or a modified Moore method).

At Georgia State University, his Meta Analysis and Evaluation Theory, and

17Maple, Mathematica, Derive, etc. are acceptable (with restrictions - - they may be used
outside of class, they may be used to explore, but they can not be used for graded assignments
and the use of said is not encouraged).
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Sampling Theory instructors used constructivist methods and his Mathematical
Statistics and Linear Statistical Analysis instructors traditional methods, and his
Edumetrics and Multivariate Statistics instructor used modified Moore methods.
Frankly, it is surprising the amount of material that is recalled and not all together
shocking that much (if not most) is forgotten from the courses. However, given that
it was graduate school (and the second PhD programme for the author who was in
his 30s when at Georgia State) it is not noteworthy that the author did learn some
things. However, he found that many of the constructivist ’activities’ were mind-
numbing or less than instructive (in his humble opinion) and it is entirely possible
that the methods were not executed well rather than the fault of the method, per
se.

Another strength of the modified Moore method is that the focus of a MMM class
is on the construction of arguments, examples, counter-arguments, or counterexam-
ples. It is not the case that a traditionalist or constructivist teaching mathematics
would do any less; but the MMM is very much suited for construction of arguments,
examples, counter-arguments, or counterexamples and less suited for more applied
pursuits or material.

A third strength of the modified Moore method is that there can be and oft is
a detailed discussion and the instructor can focus student attention on the differ-
ence between and betwixt contradiction, contraposition, and contrarianism. The
author has found that many student have great difficulty discerning the difference
between and betwixt the three and oft confuse them. The author opines that con-
tradiction, contraposition, and contrarianism are not usually properly contrasted
and compared in a traditional class because the class is often instructor-focused
rather than student-focused. The author opines that contradiction, contraposition,
and contrarianism are not usually properly contrasted and compared in a construc-
tivist class because the class often does not delve into material as deeply as with
a MMM nor does it seem that contrasts and comparisons are done as much in a
constructivist setting. '8

A fourth strength of the modified Moore method is that many ideas naturally
percolate from members of the class and that many ideas can be provoked by the
instructor by asking a sequence of question so that the end result is ideas arise from
individuals in the class. Such percolation of ideas is a hallmark of any Moore class;
and such is a primary objective for the instructor in the author’s MMM schemata.
It very much seems to be the case that in a traditional scheme there is not such a
movement of ideas from individuals to the group (the class) but from one individual
(the instructor) to the group (the class) or from an outside source (the book) to
the group (the class). Much of the literature about or advocating for constructivist
instruction in mathematics contains a similar focus on natural percolation of ideas
from members of the class and as such are share a commonality to a MMM class.

A fifth strength of the modified Moore method as practiced by the author is that
it encourages students to opine, conjecture and hypothesise by naming principles,
lemmas, theorems, corollaries, etc. for individuals who proved the result or pro-
posed the result. Such a technique, the author has found, advances the proposition
of trying to opine and think about the ideas discussed in class - - hopefully giving

181t is all together possible that I could be wrong on this point; but, I have not been privy to
much depth in courses instructed by a constructivist where I was a student nor have I been privy
to much depth in courses instructed by a constructivist where I was a peer witness.
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a modest 'push’ to the students to try to stretch beyond that which is before them
and try to induce ideas new to them (but not necessarily or most often new). The
author’s MMM is predicated on the proposition that we do not really care who
first developed an idea in mathematics - - we are interested in the idea itself and
whomever it was that thought of it or did it first does not matter for it is in the
doing of mathematics we learn not through a discussion of history. But, does the
history of a problem really matter in the greater scheme of things? Perhaps it did
for such individual, but most often the ideas that the students propose are ideas
first proposed and most often were solved by people who are dead and therefore
are not complaining or seeking credit. '°

A sixth strength of the modified Moore method as practiced by the author is
that in such a scheme there is a pronounced, overt, and clear celebration of effort
and an attempt at trying to solve a problem, create a proof, argue a point, forge an
example, produce a counter-arguments, or construct a counterexample. Such was
not the case in many classes in which the author was a student. In many a class
instructed by a person using a Moore method or modified Moore method there was
not such a celebration for an attempt and is some cases there was revulsion for or a
taunting of an individual who tried but failed to produce a valid result.?’ It seems
to be quite the case that in a traditional scheme there is not such a celebration
for the vast majority of the work is refined through recitation by the instructor or
exposition in the text. On this point from his review of the literature about or
advocating for constructivist instruction, the author’s MMM shares in a similarity
with constructivism. A fortunate or fortuitous example exists in recent popular
culture, the Disney film Meet the Robinsons, captured the sense of excitement the
author attempts to create in his class and amongst his students for trying, trying
again, celebrating the attempt, accepting that we are not always correct, and real-
ising that we learn from mistakes (if we pay attention to the mistakes and analyse
them), and always trying to "keep moving forward.” Therefore, though it may seem
trite, every student in an author’s MMM class receives credit in the form earning
a 'board point’ for attempting to solve a problem, present a solution, do a proof,
etc. Said points add into the student’s total points at the end of the semester and
there are a plethora of example where said points produced the rewarding’ result
of a student’s grade being positively impacted.

Much of the points that highlight the strengths of the modified Moore method
may be summed up as the MMM accents, celebrates, encourages, and attempts to
hone an internal locus of control. The traditional scheme there does not appear
to be as prevalent a focus on the internal; indeed, rather there is a clear focus on
ideas from the external (the instructor or the book). The constructivist scheme
there does not appear to be as prevalent a focus on the internal; indeed, rather
there seems to be a focus on ideas from the external (the group or the book) and

19Let it not be misunderstood that in the author’s MMM class there is some sort of nihilistic or
narcissistic atmosphere. The credit for principles, lemmas, theorems, corollaries, etc. and study
of the history of mathematics is all well and good but is not a part of a BHM course nor is a focus
of any course taught by the author.

201t should be noted that at least three individual instructors who used Moore methods or
modified Moore methods were definitely NOT in this category: Michel Smith of Auburn Univer-
sity, Coke Reed of Auburn University, and John Neel of Georgia State University. Those three
individual instructors were very encouraging, inspirational, and were part of the basis for the
author’s teaching style.
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the internal and individual are not primary.

Nonetheless, there are weaknesses to the MMM as practiced by the author, not
the least of which the pace of the course is slow and almost always when a section
of a course is taught by the author and someone else using traditionalistic methods,
the author has found ’coverage’ lacks in his section.?! Sometimes it is the case that
an outside observer might opine that there is no pace seemingly at all in the course
or that there is "backward progression.” It is safe to say that sometime there is
indeed ’backward progression’ in a course taught by the author for if the author
find there seems to be a prevalent misunderstanding, confusion, or downright erro-
neous concept being embraced by members of the class; such is usually discussed,
confronted, or debated.

One example stands out in the author’s mind. He had a fellow faculty mem-
ber visit his class and there was a student who volunteered to present proof to a
rather difficult theorem about the mean of a particular continuous random variable
that day. The student did a wonderful job and she laid out the argument beauti-
fully. Well, the claim was proven; but, there was another proof that the instructor
thought of and wished for the class to consider. He called on another student in the
class and had him go to the board and the instructor quizzed the student on some
material to a point at which the student felt he had an idea how to prove the result
differently than his classmate had. He preceded to do so, 'winging it,” and not pro-
ducing by any means a polished result, but the essence of the argument was there,
he had presented the class with the rough sketch of a fine argument, and it seemed
to be quite a productive class. However, the author found that his colleague was
not impressed and bemoaned that he had come on a day when the author had not
taught anything at all and was disappointed that he had not had the opportunity
to witness this 'modified Moore method’ that others had mentioned!

Another weakness to the MMM as practiced by the author has (that it shares
with the Moore method) is there is a heavy burden placed upon the student. Quite
frankly, it seems there is a much greater expectation placed upon the student in the
MMM class as described herein than under a traditional or constructivist rubric.??
The expectation is that the students are adults, they are responsible for their educa-
tion, they are not required to attend class, they are responsible to do the work, they
are not forced to do any work or hand in any work (other than quizzes or tests),
they are expected to ’try & try again,’ they are placed in a position in the class to
usually suffer through a barrage of questions from the author and be interrupted
often whilst presenting, they are oft questioned whilst someone else is presenting
(meaning that during one student’s presentation the other students have to 'be on
their toes’ to expect that they might be asked why something is so or whether or
not it is or is not [which is a back-handed way to get students to ’attack’ another
student’s work on the board in a kind way], and they are asked to do all of this
whilst attempting to take notes, etc. (which most do). Judging from some of the

21However7 it is definitely NOT the case that most often a standardised syllabus in a course
has not been ’covered’ in a section the author has taught.

223uch was made very clear when the author moved to a new institution where there is a
mathematics education programme, there seem to be as many traditionalists as at his previous
institution, there are constructivists, and where there are no other Moore method faculty in the
department.
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comment made by students on the Student Ratings on Instruction (SRI) at Kutz-
town University the added expectation is not popular nor seemingly appreciated.??
Additionally, the author found that it was easier for him in a class taught by a
traditionalist or constructivist; it simply seemed that one was able to ’slack off’
more (or more easily) and that in a class taught with the Moore or modified Moore
method the accent was definitely focused on those who went to the board, it was
difficult (if not impossible) to remain ’anonymous,’” and though attendance was not
mandatory for him it was absolutely necessary!

It seems to the author, that a third weakness to the author’s MMM and the
Moore method in general is it is not ’big on,” many of the educational psychological
trends of the past quarter-century. It does not seem to be a method which attracts
applause from students who seem drastically below the norm (if such exists). It is
not a ’feel good’ approach where no one fails, where everyone passes (no matter
their work), and ’everyone gets a gold star.’?* Indeed, there is very little from the
last 25 years of educational trends that fits well with the author’s MMM. Thus,
there is a danger that the author and his MMM may become or is stagnant or rigid.
The author constantly (almost obsessively) asks whether or not such is occurring,
but like the forest for the trees might not be aware that such is the case. However,
at least at the moment it seems through interviews with colleagues, peers, former
students, and friends that such stagnation is not in existence presently. Nonethe-
less, nothing in regular life is clear like a good proof, and the Moore method (nor
my modified version of the Moore method) is not inerrant, it is not flawless, and
since it is a creation of man is not infallible.

233uch was the case at Morehouse College in some classes but the author received more positive
feed-back there. Also, he received much positive feed-back from students after they graduated
which included comments such as,”... at the time I did not care for it, but now I appreciate ...”
The author has been in his present situation for two years, so, it may be such will also occur with
Kutztown University alumni. However, it may be a case of the cart before the horse since the
author was at Morehouse College for 17 years so that students may have acclimated to the MMM
used by the author and students not inclined to such avoided his section of a class. There is a
tad of anecdotal evidence to suggest that may have been the case due to the following: During
first semester of the 2007-2008 year, enrolment in the author’s Probability & Statistics I course at
Kutztown was lower than another section taught by another instructor; but, the previous 2 years
the author was the only person who taught the Probability & Statistics I course. The author heard
that there was much jockeying by several students to get into the other section and not be in his
section. Moreover, the author heard from more than one student that one or two mathematics
education majors in particular were ”desperate” to get into the other section and celebrated when
they achieved their objective.

24Basically, the author is pointing out that the communality aspect of the constructivist philo-
sophical, educational, and psychological method is not a part of the Moore method and is not a
part of his modified Moore method. Fraternal, good-natured competition is a part of the Moore
method and is definitely a part of the author’s MMM. Such is encouraged and every attempt is
made to create an atmosphere in the class of a community of individuals, of colleagues, rather
than a community that is one an amorphous blob.
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IV. THE CONTENT IN AND FORM OF THE BRIDGE COURSE

In this part of the paper the author submits the content he opines should be in
the Bridge to Higher Mathematics course, an explanation is presented as to why
the course was designed the way it was (content), how the course was revised or
altered over the years, and how it worked or did not for the faculty and students.

The author has studied under professors who have taught in each of the three
ways that have been noted: the Moore, traditional, and constructivist methods dur-
ing his formal educational experience which spans from the 1960s to the 1990s.25The
author’s MMM has been developed over the past twenty-five years of his college-
level teaching experience (1982 — present). It is constantly being analysed, refined,
and evaluated so it is a dynamic rather than static programme of thinking about
mathematics and teaching mathematics. As such the development, revision, and
evaluation of the MMM used by the author is an example of an action research
model forged empirically.

The author taught the BHM course whilst at Morehouse College and the BHM
course was designed to transition students to upper division courses. The BHM
course was designed to be taken by the students concurrent with Calculus II or
Calculus IIT (in a three four-credit hour Calculus sequence). In the model Bache-
lor of Science (BS) programme, the course is placed as a first semester sophomore
course. The course is intended to prepare students for upper division courses with
special emphasis on the Real Analysis and Abstract Algebra sequences which are
normally started after the BHM (in the BS programme Real Analysis I, Abstract
Algebra I, and either Real Analysis II or Abstract Algebra Il are minimally re-
quired as part of the BS programme [of the traditional year of both Analysis and
Algebra]).?% The author will be teaching the BHM course at Kutztown University
in the Spring semester of the 2007-2008 school year. The BHM course is designed
to transition students to upper division courses. The BHM course seems to be
designed to be taken by the students concurrent with Calculus IT or Calculus IIT
(in a four three-credit hour Calculus sequence). In the model Bachelor of Science
in Mathematics (BSM) programme and in the Bachelor of Science in Mathematics
Education (BSE) programme, the course is placed as a second semester freshman
course. The course is intended to prepare students for upper division courses with-
out special emphasis on any particular upper division course that the author is
aware of since in the BSM and BSE programmes only Abstract Algebra I is mini-
mally required as part of either programme [of the traditional year of both Analysis
and Algebra).?”

At Morehouse College, for a short time in the late 1990s the transition to ad-
vanced mathematics was modelled on a 2-course sequence®® the first course centred

25 See http://faculty.kutztown.edu/mcloughl/curriculumvitae.html for a compleat curriculum
vitae.

26 For a compleat overview of the mathematics programme at Morehouse see the mathematics
web-site, http://math.morehouse.edu/

27 For a compleat overview of the mathematics programme at Kutztown see the mathematics
web-site, http://math.kutztown.edu/

28For a more thorough description of the courses see [39] or [40]
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on logic and the second course centred on naive set theory.?”

In each course students were required to understand definitions and axioms and
create proofs, examples, and counter-examples. It was an extension of the material
that was part of the Math 255 (3 credit hour), An Introduction to Set Theory,
that was adopted under the revised curriculum at Morehouse College in 2002 and
enacted in 2003. The author found anecdotally that the material being spread over
two semesters made discussion of the material easier, the transition for students
seemingly better, and it was easier to used a MMM to teach the course. However,
due to philosophical objection by some faculty over having a five semester-hour
transition to advance mathematics and a practical problem of the number of hours
of the major, the precursor course, Math 157, was deleted from the final adopted
curriculum at Morehouse College in 2002.3°

The BHM course should at a minimum introduce first order logic, predicate cal-
culus, syllogistic arguments, existentials, universals, basic set theory, mathematical
notation used in upper division course work (as such as needed and arises), more
advanced set theory and the axioms,?' generalised collections of sets, the field ax-
ioms of the reals, the order axioms of the reals, natural numbers, integers, rationals,
irrationals, Cartesian product sets, relations, equivalence relations, partial orders,
functions, cardinality, and ordinality.

The author recommends that the material in the course include and accent ma-
terial that from [7] and [8] more than [9, 10, 11, 12, 13, 14]. The author opines
that the 1963 - 1965 Committee on the Undergraduate Program in Mathematics
(CUPM) materials delineated that which is fundamental to a strong undergraduate
programme and preparation for graduate school and that much the work produced
by CUPM post-1985 centres on ’service’ courses, ‘'mathematics appreciation,” and
computational mathematics applications with computers.>> When one analyses the
parts of the course in more detail, one can see that there is much that is of import
as introductory material that does not need to be delved in deeply. For example
equivalence relations, partial orders, maximal or minimal elements in an order, etc.
all are frequently discussed in more detail in an (subsequent to the BHM course)
Algebra course (and rightly so). Indeed that which should be introduced but should
not be over-emphasised included in the logic portion of the course truth tables,3
existentials & universals,>* and syllogistic arguments. That which should be intro-
duced but should not be over-emphasised included in the post-logic portion of the
course include, of course, relations, but also generalised unions and intersections,®
and ordinals.

29 The course were numbered and titled: Math 157 (2 credit hour), The Principles of Mathe-
matics (designed for second semester freshmen) and Math 255 (3 credit hour), An Introduction to
Set Theory (designed for first semester sophomores). Archival syllabi, grading policies, etc. can
be requested from the author.

30Math 157 was included in all the versions but the last of the curriculum during the revision
process from 1998 through 2002.

31The axioms of Set Theory in the BHM are noted and the axiom of null in particular used
but the rest of the set axioms are not formally used.

32Post-1985 CUPM guidelines are not ’bad’ or 'wrong’ but do not seem to accentuate the kind
of or strength of preparation for advanced work in mathematics that is the focus of this paper.

33They are nice but simply getting the logic principles established is all that matters.

34These are best accentuated in the context of Set Theory.

35Such are frequently discussed in more detail and used in an (subsequent to the BHM course)
Analysis course.
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That which needs to be accented, emphasised, repeated, stressed, and even (per-
haps) drilled include in the logic portion of the course modus ponens, modus tollens,
reducto ad absurdum, hypothetical syllogism, the law of the excluded middle, cases,
contrarianism, the fallacy of assuming the conclusion, the fallacy of denying the hy-
pothesis, and the fallacy of appealing to authority. That which needs to be accented,
emphasised, and stressed in the post-logic portion of the course are sets, sets, and
more sets! To wit, all the basic elementary properties of sets, the algebra of sets,
and basic topological properties of R investigated with the axioms of R should be
emphasised. Moreover, all aspects of functions (domain, codomain, range, corange
of a function, image sets, inverse image set, the union or composition of functions,
the creation of or proofs or refutations about claim on well-defined injective, sur-
jective, or bijective functions between sets). Experience has shown the author that
a plethora of claims about aspects of injectiveness or surjectiveness (and as a result
bijective functions) and work the students can ’sink their teeth into’ can be set in
the context of cardinality. By doing so, the establishment of some semblance of
rudimentary understanding of cardinality oft results for students which aids them
in subsequent course-work.

It is essential that the course centre on foundational logic and on naive set the-
ory. There should be a clear focus on proof: direct proof (three different methods),
indirect proof (two methods), reducto ad absurdum, mathematical induction, proof
by example for existentials, generalised point method of proof for sets, as well as
counterexample for universals and counter-arguments for existentials. The author
has used Lin & Lin’s Introduction to Set Theory (no longer in print) as well as
Barnier & Feldman’s Introduction to Advanced Mathematics (2"¢ Ed., Prentice-
Hall). Currently, the author uses the 3"%edition of the Barnier & Feldman text. In
addition his sequence of notes and hand-outs are liberally used.>® There are more
thorough books, for example [20], [21], [29], [32], [38,] [41], [57], and [59]; or less
through like [15], [26], [30], [53], [54], and [60].

The first meeting day of the BHM class, students are given a syllabus, given a
grading policy, told of the expectation of student responsibility, told of the web-
site, etc. Definitions are presented for dichotomous logic, the concept of a domain
of definition and prime statements presented, and lettingP and @) be statements,
truth tables are developed for connectives -P,PAQ,PV Q,P = Q,P < Q,
order of operations, and they are sent home with some basic drill exercises. The
second meeting day student presentations begin (but do not dominate the class as
they do once proofs work on proofs begin). Rather than calling on students like the
Moore method [36], volunteers are requested like Cohen’s modified Moore method
[2]. Truth tables are dispensed with in the first week and methods of proof in logic
commenced by the third meeting of the class. Throughout the first few weeks the
class proceeds in this fashion with short talks about new definitions, methods to
prove or disprove claims, and introduction to new terminology, notation, etc. By
the end of the first third of the semestre, the amount of time the instructor talks
decreases from perhaps half of the class period (at the end of the class session) to
perhaps a fourth or not at all. In this manner, the students are encouraged to take
more responsibility for their education and regard the instructor less as a teacher
and more as a conductor. Nonetheless, it must be noted that some days there are
no student presentations; so, the instructor must be prepared to lead a class in

36Handouts, worksheets, ancillary materials, etc. are available at the author’s web site.
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a discussion over some aspects of the material or be prepared to ask a series of
questions that motivates the students to conjecture, hypothesise, and outline argu-
ments that can later be rendered rigorous. If presentations are not forthcoming or
time is not exhausted before presentations are, then sometimes students are pre-
sented with claims and proposed proofs and counterexamples which they critique
(faulty 'proofs,” correct proofs, faulty ’counterexamples,’ correct counterexamples,
etc.) The author tries to keep in the back of his mind at least a few such claims to
run up the flag-pole and see who salutes it.’

Moreover, by the end of the first third of the semestre, the discussion of the class
focuses on basic matters in set theory: the algebra of sets, connectives, and claims
about said (unions, complements, relative complements, symmetric differences, etc.)
Throughout these weeks the class proceeds in this fashion with presentations for
most of at least the first half of the class, discussions on methods to prove or dis-
prove claims (maybe anther way to do the same claim), and late in the period
some discussion over new definitions, terminology, notation, etc. In this manner,
the students are continually encouraged to take even more responsibility for their
education and the instructor reminds the students that he is not a teacher but a
guide. Also still if presentations are not forthcoming or time is not exhausted before
presentations are, then the author has material to discuss with the class, questions
to ask the class, or sometimes a story or two and some encouraging words (if it
seems members of the class are suffering from "burn out.’

So, when the last third of the semestre is upon the class, typically discussions
of relations and their aspects are winding down and attention turns to functions.
Throughout these weeks the class usually is filled with presentations and there is
little else done (perhaps a bit of talk still conversing about methods to prove or
disprove claims, and perhaps some discussion over new definitions, terminology, no-
tation, etc. Toward the closing of a typical semester the class focuses its compleat
attention on applications of functions by discussing, considering, and doing proofs
and counterexamples over the cardinality of sets. Characteristically, many more
claims are considered than are proven or disproven during this time; but, oft it is
the most satisfying part of the course for all since many students find they have a
'handle’ on the material and the instructor has a wonderful time watching the stu-
dents struggle, opine, revise, and often do very well with the concepts of cardinality.
Nonetheless, it is also the time when many students are startled with delights such
as Ng + 1 = N, Ng + Ny = Ny, etc. At least twice in the 15 years the author has
taught BHM, classes have begun to work on ordinals also so that the wonderful
contrast to cardinals has been considered by the class such as 1 4+ wy = wyp, but
wo + 1 # wy

Though the BHM course contains a hodgepodge of introductory material the
students will use or study in upper division courses, all of it truly centres on logic
and sets. For each subject, definitions, terminology, and notation are established
and a series of facile claims are proposed for the students to prove or disprove.
In the first part of the BHM course, the objective is to introduce the student to
the subjects and to allow them to work on elementary claims in the areas so they
may connect the logic and methods of proof earlier discussed with the particular
aspects of set theoretic mathematics under discussion at the time. For example, if
there is a combinatorial claim or a claim about the sum of two natural numbers
students are encouraged to note the Peano axioms, the field axioms of the reals, the
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order axioms of the reals, and then given parochial claims on factorals, permuta-
tions, combinations, etc. Throughout the first few weeks the class proceeds in this
fashion with short talks about new definitions, brief reviews of methods to prove
or disprove claims, comments on additional methods to prove or disprove claims
(such as the second principle of mathematical induction, two place quantification,
etc.) and introduction to new terminology and notation (where applicable). The
intensity of the discussion intensifies as the semester proceeds, the sophistication of
the discussion increases, the claims included in the course are of a more challenging
form (for the most part) than earlier in the course.®”

The BHM course continues to frame more of the foundation for preparation in-
tended for advanced course work by including the axioms of the reals and the axioms
of sets. In particular, the discussion of the axioms of the reals should be revisited
in a first Real Analysis course, so that the claims considered and the discussion
of the axioms of the reals in the BHM course is very much so a basic axiomatic
introduction to the real line. In almost every semestre the author taught the course
one of the first student proposed claims is that x-0 = 0. Most times, one or more
students object to the claim stating that it is obvious! The author normally replies,
“if it is obvious, then the proof should be facile and if it must be assumed, then
where in the axioms is it listed (it is not)?” Hence, it usually becomes a part of
the handout exercises that are codified after the meeting that it is proposed.

Another amusing discussion usually develops when the focus is on sets and the
discussion is centred upon the two claims that given any set A defined after a well
defined universe U, it is the case that ) N A = () and that given any set A defined
after a well defined universe U, it is the case that ANU = A. The similarity to
z-0=0and z-1 = x where z € R is noted. The students oft find it rather
objectionable that one was proven (z -0 = 0 where z € R) and one axiomatised
(x-1=x where z € R ) in the reals but both claims (1N A =0 and ANU = A)
are proven in sets. It is in the discussions amongst the students and between the
students and the instructor that the best elements of the Moore method and make
for a wonderful educational experience (hopefully) for the students and a mean-
ingful experience for the instructor. Management of the discussion centres on the
instructor, but control of the discussion is left to the students. Students are free
to debate the subject, discuss the subject (in the class - - not outside the class),
opine, hypothesise, conjecture, and attempt to resolve the seemingly contradictory
evidence before them. The instructor is responsible to explain the significance of
the axioms and expose the students to the beauty of mathematics and proof. That
is to say, that the axioms provide a framework or set of rules of a game or a puzzle,
that logic provides the structure for deducing answers to questions or ways to solve
the game or puzzle, that the students have the ability to solve the game or puzzle,
and then encourage them to do so. In this manner, the MMM creates a student-
centred experience as does the Moore or constructivist methods.

A third discussion that is of great significance to the students and usually de-
velops occurs when the focus is on the cardinality of sets; specifically the nature
of transfinite cardinals and the rather bothersome (in the minds of many students)

37 The claims about sets are not necessarily more challenging. Oft times, students propose
claims in the first class which are quite challenging. Indeed, some students offer claims in the BHM
class which are not answered during the semester. The instructor becomes more a conductor as
the class progresses but, to reiterate, must constantly be prepared to lead discussions in case there
are no student presentations.
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fact that Ny < ¢. The fact triggers emotive responses from some and usually creates
a rather long series of conjectures which do not induce answers during the semestre.
The students are left to wonder about many of the conjectures and are encouraged
to opt for a directed reading course in their subsequent programme so that they
might more fully investigate the nature of cardinals (and ordinals). In this manner,
the BHM course taught with the MMM fulfils the promise of academe - - opening
new areas of inquiry for the student and leaving him with wanting more. Indeed, by
the very nature of the manner in which the elucidation of the conjectures occurred:
percolating up from the students causes more than a few to act upon their curiosity
and study the conjectures in a directed reading course or when they take Senior
Seminar.?®

A focal point of the discussion of the methods of proof under the MMM is the
uncompromising demand for justification. An instructor who employs the author’s
MMM must insist that his students (and he himself) justify every claim, every
step of a proof (at least during the first third of the BHM course), and explain
to the students the rationalé for such a policy. If one happens upon a fact but
really does not know why the fact is indeed so, does he really know the thing he
claims to know? In classical philosophy, epistemologically in order for person A to
know X: (a) X must exist; (b) A must believe X; and, (c) A must justify why X
is. An instructor who employs the author’s MMM allows for (a), does not request
the students adopt (b), but must insist on (c). This is because there are enough
examples of truths in mathematical systems such that (a) and (c¢) are the case but
(b) certainly is not for the majority. One can over time come to accept (b) because
of the irrefutability of the argument that establishes the certainty of the claim.

The MMM requires the instructor adopt an approach such that inquiry is on-
going. A demand for understanding what is and why it is, what is not know and
an understanding of why it is not known, the difference between the two, and a
confidence that if enough effort is exerted, then a solution can be reasoned. In this
way, the MMM is simply a derivative of the Moore method; it is perhaps a ’kinder,
gentler’ Moore method than the original. Consider:

Suppose someone were in a forest and he noticed some interesting things in that
forest. In looking around, he sees some animals over here, some birds over there,
and so forth. Suppose someone takes his hand and says, ‘Let me show you the
way,” and leads him through the forest. Don’t you think he has the feeling that
someone took his hand and led him through there? I would rather take my time
and find my own way.>*

38 Senior Seminar is the ‘capstone’ course in the mathematics programme at Morehouse Col-
lege. Students (in different traditions depending on instructor) choose an advisor and research
a problem set; then do a formal paper (AMS style, research paper) and presentation at the end
of the semestre. Senior Seminar is also the ‘capstone’ course in the mathematics programme at
Kutztown University. The course seems to be organised in a combination of constructivist and
German seminar traditions: Students choose a topic, research a problem set, then do a formal
paper (not AMS style, more of a report or synthesis paper), and presentation at the end of the
semestre.

39 Moore, Challenge in the Classroom.
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However, the confidence must be tempered with humility and realism. Not ev-
erything can be known. Hence, one must be selective. The instructor and students
must realise that they are not the most intelligent creatures in the universe. Hence,
one must accept his limitations.

At least one quiz is administered each week or week-and-a-half, part in class part
take home, or all take home (on quiz work a majority of the work is "take home’)in
which the students are asked to prove or disprove conjectures. They are required
(of course) to work alone. The quizzes are graded and commentary included so that
feedback is more than just a grade. Also, there are three or four major tests during
the semestre and a comprehensive final; thus, the MMM is grading intensive for the
instructor. The frequency of the quizzes creates a benchmark for the students so
they do not fall behind. The final and the tests (no less than three tests nor more
than four, depending on the length of the semestre) gives the students the ability to
demonstrate competency over a part of the course and an opportunity and respon-
sibility to digest and synthesise the material. The testing schedule differs from the
Moore and reform method and shares a commonality with the traditional method.
It may be a tad more ‘quiz intensive’ than traditional methods, but the author has
found that many of his colleagues who employ traditional methods grade homework
(which is not a part of the MMM) so it might be similar to the traditional methods
in that regard.

Experience with many different course sizes over the past twenty-five years has
led the author to conclude that optimal course size is between approximately fifteen
and twenty. When there are less than about fifteen students, then the class discus-
sions often suffer for a lack of interaction. When the class size is more than about
twenty students, then class discussions are often difficult to facilitate and can be
problematic because so many students wish to be heard simultaneously. Also, if the
class size exceeds approximately twenty, then the burden of grading so many papers
becomes quite heavy and the turn around time lengthens which is detrimental. It
seems that it is best to provide feedback in a timely manner so that the students
have time to reflect on their work and discuss the work in follow-up session during
office hours. If too much time has elapsed between the times students hand the
papers in and they get the papers back, their memory of why they thought what
they thought dwindles and the educational experience for the student suffers.
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V. COURSE-WORK AND STUDENTS’ FURTHER STUDY SUBSEQUENT TO
THE BRIDGE COURSE

In this part of the paper, a discussion of the successes (or lack thereof) of the
methods and materials in the Bridge to Higher Mathematics course that the au-
thor has taught using his modified Moore method. A primary goal of the course
and the method is to establish an atmosphere that created for some students an
easier transition to advanced mathematics classes, assisted in forging a long-term
undergraduate research component in the major, encouraged some students to fur-
ther their study of mathematics (that is to say go beyond the BS in Mathematics),
and encouraged some faculty to direct undergraduates in meaningful mathematics
research (by finding out from individuals what they found most interesting and
attempting to suggest to the student further study and then approaching faculty
members with an interest in said area and attempting to team the two up.).

First and foremost, one should consider what attributes, behaviours, skills, or
understanding a student should take with him after successful completion of the
BHM course. The author submits that, minimally:

a student be able to explain what a proof is and discern between a valid proof
and claim that a proof has been performed, but in reality has not;

a student be able to read a proof of a statement.

a student be able to construct a valid proof using different methods which include:
direct, proof by cases, indirect, contradiction, induction (weak and strong forms,
and contraposition;

a student be able to construct valid counterexamples to propositions

which are false;

a student be able to recognise and avoid common fallacies in arguments
including begging the question, circular reasoning, assuming the conclusion,
and denying the hypothesis;

a student be able to prove statements about sets using the generalised

point method both directly and indirectly;

a student be able to use Venn (Euler) diagrammes to assist in the
construction of a proof or counterexample of a claim in set-theory

(and realises a diagramme does not prove nor disprove a claim);

a student be able to use Haas diagrammes to assist in

visualising partial orders or equivalence relations;

a student be able to find a domain, codomain, range, 'corange’ of a relation;

a student be able to define a binary relation between sets, prove

claims about product sets, define an equivalence relation,

prove claims about a relation (is or is not a relation,

is or is not an equivalence relation, is or is not a partial order,

is or is not a linear order, etc.;

a student is able to find a domain, codomain, range, 'corange’ of a function;

a student be able to find an image set, inverse image set, etc. of a

function between sets;

a student be able to find the union and composition of functions;

a student be able to create well-defined injective, surjective, or
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bijective functions between sets;

a student be able to prove or disprove rudimentary claims about said;
a student be able to define a function between sets, prove claims about
functions (is or is not a well-defined function, is or is not injective,
surjective, bijective, etc.;

a student be able to prove or disprove claims about the cardinality of
sets: denumerability, countability, infinite, finite, and uncountability.

Many students who were in the author’s BHM course (and usually at least two or
more courses beyond the BHM course with the author) went on the graduate school.
In the period of 1999 - 2005 (beginning with the entering class of 1995), 17 students
who were in the author’s BHM pursued post-baccalaureate work in the mathemat-
ical sciences. The author does not claim it was him but the the modified Moore
method which was key in encouraging the students to pursue post-baccalaureate
work. In fact, there is a possible explanation for the number of students who were
in the author’s BHM who pursued post-baccalaureate work - - it may have been
due to student self-selection. If the student in the back of his mind thought of the
possibility of graduate school or subliminally had the self-confidence necessary to
do such work, then he may have selected the author’s BHM class (and other classes)
because they were reputed to be ’hard.’

Indeed, there may be another a possible explanation for the number of students
who were in the author’s BHM who pursued post-baccalaureate work - - the au-
thor’s own bias toward ’smart’ students!*® Again, there may be yet another possible
explanation for the number of students who were in the author’s BHM who pur-
sued post-baccalaureate work - - the programme at Morehouse College was redesign
between 1998 and 2002 and was revised beginning in 2003. Such ’success’ as the
author had in teaching students who ultimately went to graduate school might not
be as great in a department that is more focused on the ’applied’ or mathematics
education. Hence, there is a strong caveat in inducing any ’success’ at all the au-
thor seems to have had from the number of students who pursued further study in
mathematics. If such trends are found after 10 or more years at Kutztown Univer-
sity, then perhaps, a more credible case could be made for ’success’ for the author.

When one considers some quantitative data about the grades earned in the BHM
course and grades earned in Abstract Algebra I; and, grades earned in Real Anal-
ysis I for a sample of students who took the author’s BHM class in either the Fall
of 1999 or the Spring of 2000. We considered grades earned in Abstract Algebra I
or Real Analysis I for the period of Spring 200 through Spring 2001.

Let g be grade earned in Abstract Algebra I, a be grade earned in Real Anal-
ysis I, b be grade earned in Bridge to Higher Mathematics (BHM). Of the 61
students sampled, 34 had earned grades in BHM and Abstract Algebra I; with
correlation estimate and regression equation estimates of 7 = 0.554,p < 0.01 and
g = 0.989 4+ 0.519 - b. Of the 61 students sampled, 31 had earned grades in BHM
and Real Analysis I; with correlation estimate and regression equation estimates of
7 = 0.461,p < 0.01 and a = 1.233 4+ 0.415 - b.

40There has always been claims by some that the Moore method favours the ’already math-
ematically inclined.” Such a view seems to assume there is a latent mathematical ability, not
everyone possesses it or possesses as strong an ability, and that adherents to the Moore method
subliminally favour ’better’ students.
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Furthermore, it was interesting to note that of the 61 students enrolled in either
the Fall of 1999 or the Spring of 2000; 30 earned a grade which was less than a ’C’
and therefore had to repeat the BHM course before moving on to either Abstract
Algebra I or Real Analysis I. Moreover, 22 had not completed Abstract Algebra I by
the next academic year and 22 had not completed Real Analysis I by the next aca-
demic year (which were not the same 8 students [6 completed both successfully]).*!

It should be emphasised quite strongly and emphatically that no inferences
should be derived from these statistics; they are only descriptive and illuminat-
ing insofar as it seems to suggest that for this particular group of students in the
particular time-frame the BHM was a positive predictor of the grade earned in ei-
ther Abstract Algebra I or Real Analysis I.

Clearly, there is a strong case for and a need for a dispassionate, objective, and
quantitative study to be designed and executed that could delve into the question
of whether or not a particular teaching method results in more students pursuing
advanced degrees or more students having success in subsequent course-work in
a mathematics programme. Such a study might prove impossible to create and
might be controversial since there are more than a few faculty in mathematics de-
partments in the U. S. A. who opine that ’subsequent course-work’ is a misnomer,
that pre-requisites should be minimised or done away with, and that much (if not
most) of the positions forwarded in this paper are contrary to what said faculty
believe should constitute a mathematics programme.

41The correlation between the grade in Abstract Algebra I and Real Analysis I was # =
0.796,n = 31.
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VI. SUMMARY AND CONCLUSION

In sum, the author described using a modified Moore method (MMM) to teach
a Bridge to Higher Mathematics (BHM) course and described the material in the
course to assist students transitioning from Calculus to the upper-division mathe-
matics course-work, outlined some of the strategies employed, discussed the syllabi,
policies, and ancillary materials used. Perhaps the most important part of this
modified Moore method is the caution that one should remain flexible, attempt to
be moderate in tone and attitude, be willing to adjust dependent upon the con-
ditions of the class, and not be doctrinaire about methods of teaching. It is my
belief that this method maximises educational opportunity for the most students
by attempting to teach to as heterogeneous a group as possible. For each individual
instructor, the method employed should be that which is most comfortable for him
and connects with the students.

I opine that this pseudo-Socratic method should be considered by more instruc-
tors of mathematics. I deem this because many of the students taught in this
method have gone on to graduate school or entered the work-force and have com-
municated with me that they felt that the BHM course taught in this manner
(or other courses taught in the manner) was the most educationally meaningful
for them. Whilst a student myself over the course of many years, I was exposed to
each of the methods discussed in this paper (traditional, Moore, and constructivist)
and aspects of those methods are a part of my modified Moore method because I
found that each had its strengths and weaknesses. Thus, I attempted to create a
method that, hopefully, included the best of each and discarded to worst of each. I
can honestly say that I moderately succeeded in almost every class taught with the
Moore, traditional, or constructivist methods. That which I learnt the best was
that which I did myself, rather than be told about, lectured to, or even read about.
I must do in order to understand. That I can not explain something does not mean
it does not exist, it simply means that I do not know it (at this point or perhaps it
is never knowable).

The MMM seeks to minimise the amount of lectures, but allows for students to
read from multiple sources and converse (after presentations). It acknowledges that
learning is a never-ending process rather than a commodity or entity that can be
given like the metaphor of an instructor cracking open the head of a student then
pouring the knowledge into said head. In that regard it is very much reminiscent
of reform methods and the philosophy of John Dewey. Dewey stated, “the tradi-
tional scheme is, in essence, one of imposition from above and from outside,”*? and
“understanding, like apprehension, is never final.”*3

The queries contain open questions from the perspective of the students (and
perhaps the instructor) without indication as to whether they are true or false under
the axioms assumed. But, unlike the Moore method, necessary lemmas or sufficient
corollaries are oft included; thus, affording the students a path to construct their
arguments.

42 John Dewey, Ezperience and Education (New York: Macmillan, 1938), page 18.
43 John Dewey, Logic: The Theory of Inquiry (New York: Holt and Company, 1938), page
154.
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P. J. Halmos recalled a conversation with R. L. Moore where Moore quoted a
Chinese proverb. That proverb provides a summation of the justification of the
MMM employed in teaching the transition sequence. It states, “I see, I forget; I
hear, I remember; I do, I understand.”

It is in that spirit that a core point of the argument presented in the paper is that
a BHM mathematics course is useful, it is worthy of being a part of the curriculum,
it should be centred on set theory, the method of teaching the course should be
carefully considered (I recommend a modified Moore method, of course) for the
nature of the course and material in the course seems to lend itself to a particular
pedagogy. Also, the method of teaching the course should be carefully considered
because in order to have an educationally meaningful experience for the students
and in order to properly transition the student from an elementary understanding
to a more refined understanding of mathematics, every effort should be made to see
that the students reach beyond a mundane, pedestrian understanding of mathemat-
ics (in every course, not just this course). An innovation in the pedagogy proposed
is that not all questions posed in the courses are answered. Many of the questions
posed in the courses are left for the student to ponder during his matriculation and
answer at a later date. Examples of proofs, counterexamples, etc. are given but
most of the actual work is done by the students.

So, this paper proposes a philosophy such that the experience of doing a mathe-
matical argument is reason enough for the exercise; but, the author recognises the
practical need for task completion so student completed proofs, counterexamples,
examples, counter-arguments, etc. form the framework type of mathematical edu-
cation proposed herein.

Hence, this paper proposes a pedagogical approach to mathematics education
that centres on exploration, discovery, conjecture, hypothesis, thesis, and synthesis
such that the experience of doing a mathematical argument, creating a mathemat-
ical model, or synthesising ideas is reason enough for the exercise - - - and the joy
of mathematics is something that needs to be instilled and encouraged in students
by having them do proofs, counterexamples, examples, and counter-arguments in a
Bridge course to prepare the student for work in advanced mathematics.

Nonetheless, it is not argued that this is the way to teach, for as Halmos asked
in [33], ”what is teaching?” I do not know; yet I try to do it!
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